Quasilinearization in Optimization:

A Numerical Study

E. STANLEY LEE

Phillips Petroleum Company, Bartlesville, Oklahoma

The quasilinearization technique is used to obtain numerical answers for optimization prob-
lems formulated by the calculus of variations and the moximum principle. The optimum tem-
perature profile in a tubular reactor, together with its initial optimum pressure, is obtained
by this technique. Various voriations of this problem such as control variable inequality con-

straints and the presence of pressure drop in the reactor are also discussed.

The two-point boundary value difficulties limit the use
of both the calculus of variations and the maximum princi-
ple in obtaining numerical answers in optimization. In a
recent paper (6) it has been shown that the quasilinear-
ization technique can be used to overcome these difficulties
when the control variable can be eliminated from the
Euler-Lagrange equations. It is shown in this paper that
the quasilinearization technique is equally effective when
the control variable cannot be eliminated from the Euler-
Lagrange equations or when the maximum principle is
used. In the former case a trial and error procedure is used
to solve numerically the algebraic and ordinary differen-
tial equations. In the latter case a search routine is added
to the trial and error procedure. Only continuous systems
are discussed; discrete systems involving complex struc-
tures will be discussed in other papers.

Another purpose of this paper is to show how a system-
atic approach can be used to optimize the control vari-
ables and system parameters simultaneously. By system
parameters we mean a set of constant values which must
be chosen before the process begins and which appear in
the profit function of the process. The usual procedure for
designing such a system is to choose several parameters,
optimize the system under these different choices, and
then select the most promising combination. The present
procedure considers these parameters as additional state
variables. The unknown initial conditions for these addi-
tional state variables can be obtained by applying the free
boundary conditions or the transversality conditions. It
has been shown that, due to the effectiveness of the quasi-
linearization technique in treating boundary value prob-
lems, the added state variable does not significantly in-
crease the amount of work in obtaining numerical solutions.

The variational equations are first outlined with empha-
sis on practical applications instead of theoretical devel-
opment. The optimum temperature profile in a tubular
reactor with pressure as a parameter is then obtained by
the combined use of the variational equations and the
quasilinearization technique.

VARIATIONAL EQUATIONS

Calculus of Variations

Let us consider the following variational problem: Find
that function
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a(t) (1)
and that set of constant parameters
ay, ..., 0q (2)
such that the set of functions
x1 (), ..y xn(t) (3)
given by the differential equations
L=filxy oo kG, .80 3), i=1,...,n (4)
and end conditions
Pilt, 21 (81), oo xa(tr), t2, 21 (8a), - . o, xa(t2), 0y, - . ., dg)

=0, j=1...,p=2n4+2 (5)
minimize a function of the form

I:
g(th xl(tl): < ',xn(tl)’ t2a xl(t2), ey xn(t2)’ ag, .. -,?q)
6)

where the expression & represents the first differential
dx/dt. The variables x;(t), ..., x,(¢) are the state vari-
ables and the variable z(t) is within our control and thus
is called the control variable. The variable ¢ can be con-
sidered as the time or length coordinate. The problem
formulated above is essentially the problem of Mayer (2),
except for the presence of the unknown constant parame-
ters. However, this difference can be eliminated if we con-
sider the constant parameters as functions of ¢ and treat
them as state variables. The following differential equa-
tions can be established (11):

an(t) =0, h=1,....q (1)

The @’s in Equations (5) and (6) now become a;(#1),
..., ag(t;). The number of differential equations now be-
comes (n + ¢). The unknown initial conditions an(t1),
which are also the constant parameters @, can be ob-
tained from the free boundary or transversality conditions
during the process of solution.

To simplify notation, let yi, ..., Yynsq represent the
state variables xy, .. ., %x, @1, - - ., dq Following the classi-
cal treatment in the calculus of variations, let us intro-
duce the set of Lagrange multipliers:

n(E), i=1,...,n...,(n+q) (8)
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and the set of constant multipliers

v, =1 ...,p (9)
Define the functions

nta

F(6,,5,%0) = 2 uG—fit27)  (10)
G(t, (1), 82, T(t2) ) = g2, G(t1), 2, G (22) )
+ "2 vii(t, §(8), 82, §(£2))  (11)
i=1

where the vectors ¥, §, and X represent y;, ..

Yi, ooy gn-l-q; and A1, ..
Lagrange equations are

s Yntaqs
.» Antg, respectively, The Euler-

d oF oF
—— =0, i=1,..., 12
dt agi Y : nt 9 ( )
oF
—_— 13
pw (13)
The equation
ntq oF nta g
F— !ji ———) dt + —dy;
[( ; 0y, T oy ty

nta  gF nta gp
— F— . = dy;
[( 21 Yi F )dt + 21 o0 dyl}

+dG=0 (14)

t

must hold at #; and #, for every choice of dy;, dy,, dt,
and dt,. In other words, if dy or dt or both do not vanish,
their corresponding coefficients must vanish:

+ta , oF G
Crogin] ]
1 6yL ty ot tg
nta  gF G
F— i —— - =( 15
[ Zl;yayi]tz o |, (15)
o) 6 L)
dy; |ty o |ty T Ay |ta Yy |ta ’

i=1,....,n4+q (16)

where the symbol |¢; means that the expression at left is
evaluated at ;. Equation (14) or Equations (15) and
(16) are known as the transversality condition, Equations
(12) to (14) form a necessary condition for the optimiza-
tion problem and have been called the multiplier rule by
Bliss. Equation (12) can be reduced to

9F

A= —

, i=1,
ayi

ceon+g (17)

For most chemical engineering problems, the values of #
and ¢, are known and thus Equation (15) no longer holds.
If the end values of a certain state variable, say y.(t)
and y,(t), do not appear in Equation (11), then Equa-
tion (16) for this variable can be reduced to
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oF
agr

oF
t1 ’ 5!}r

=0 (18)

t2

which is known as the free boundary condition (3).

Our system now is composed of 2(n 4 q) differential
equations [Equations (4), (7), and (12)], 2(n + g)+ 2
transversality conditions [Equations (15) and (16)], one
equation for the control variable [Equation (13)1, and p
end conditions [Equation (5)], to determine (n + gq)
state variables and (n 4+ g) Lagrange multipliers, 2{n +
q)+ 2 end values 1, ta, yi(tl): yi(tg), i=1...,n+ q,
one control variable, and p constant multipliers, »;, j = 1,

co P

Since the boundary conditions are not all given at the
initial point #;, the above system forms a two-point bound-
ary value problem. The differential equations which are
useful for engineering applications are generally nonlinear
and cannot be solved analytically. The problem of finding
numerical answers for this nonlinear boundary value prob-
lem is not simple and has limited the use of the calculus
of variations. It will be shown by actual example that the
quasilinearization is fairly effective to overcome these
boundary value difficulties (11).

The above problem is formulated in the form which is
most frequently encountered in chemical engineering ap-
plications, Some generalizations can be made easily. If

there are m control variables, z;(t), ..., zn(t), then
Equation (13) becomes
oF
——=0, i=1...,m (19)
d9z;

Instead of Equation (6}, the optimization of the follow-
ing functional

t.
J= gt 70,1 5) + [ 1ol 5 0t (20)

can also be treated. The function F now becomes

nta

F(t)y-;?i) Z,_}\> = fu(y; z, t) + 2 )‘l(yt_ fi (t,-g, Z))
1
(21)

The other equations remain the same except that Equation
(17) no longer holds. The optimization of Equation (20)
is known as the problem of Bolza. If the function g is
equal to zero in Equation (20), we obtain the more famil-
iar Lagrange problem and obviously the above equations
are still applicable.

Calculus of Variations with Control
Variable Inequality Constraint

Let us now assume that the decision variable z(f) is
chosen subject to the following inequality constraint:

¢(7,2) =0 (22)

Introducing the multiplier x(#) and treating the product
ud in the same way as the product M{#; — f;), we change
Equation (10) to

nta

Fl(t’y’-g» x’l"’z) = f“’d’(y: z) + 2 )\i(gi'—fi) (23)
1

Equation (23) is defined only when the constraint is vio-
lated. The Euler-Lagrange equations remain the same ex-
cept that F is replaced by F;. In terms of F, Equations
(12} and (13) become

d oF oF LS
- =T e
ayi

i=1,..., 24
dt agi ayi ’ n+q ( )
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F 3

W + n P 0 (25)
When the constraint is not violated, p = 0 and Equations
(24) and (25) are reduced to Equations (12) and (13).
However, when the constraint is violated, the control
variable z is determined by the equality in Equation (22)
and the extra Equation (253) is used to determine the
newly introduced variable w. The transversality conditions
rerain unchanged.

The problem with decision variable inequality con-
straints was first investigated by Valentine (8, 10). Obvi-
ously the results can be extended easily to several control
variables with several inequality constraints, It should be
pointed out that in order for the method to be valid, the
control variable must appear in the inequality constraint,
Inequalities involving only state variables are more diffi-
cult because of the basic difference between state and
control variables. The control variable is, in a sense, more
independent and is not subject to differential equation
constraints. State variables are not independent. A trial
and error or iterative procedure is needed when the in-
equality constraint involves state variables only.

Note that if the constraint involves the control variable
only, then 8¢/dy; = 0 and Equation (24) is reduced to
Equation (12)}. Thus, if only the control variable is in the
constraint equations, such as ¢ = z — z, = 0, the numeri-
cal solution procedure is the same as that of the uncon-
strained case, except that whenever the constraint is vio-
lated, the control variable is obtained from the equality
in the constraint equation. Since the independent variable
t can always be treated as a state variable by establishing

fmsg =1 (26)

the above equation can also be used when the constraint
equation involves the variable ¢ explicitly.

Maximum Principle

The maximum principle is a very powerful tool for ob-
taining analytical solutions of linear optimization problems
with control variable inequality constraints,” However,
when the problem is nonlinear and an analytical solution
cannot be obtained, the maximum principle has the same
boundary value difficulties as the calculus of variations in
obtaining numerical answers. It can be shown that the un-
bounded maximum principle is equivalent to the Weier-
strass necessary condition in the classical calculus of vari-
ations (8). An unbounded control variable belongs to an
open set or is subject to no inequality constraints, With
the development of the calculus of variations to include
control variable inequality constraints, the advantages of
the maximum principle over the calculus of variations are
almost completely lost when analytical solution cannot be
obtained. In order to preserve space and maintain general-
ity and consistency with the previous discussions, the maxi-
mum principle will be obtained, formally, from the Weier-
strass necessary condition. Another advantage of this ap-
proach is that the results show clearly the similarity be-
tween the maximum principle and the calculus of varia-
tions with bounded control variables.

Let us consider the same problem represented by Equa-
tions (1) to (7) and add the following inequality con-
straint on the control variable.

$(z) =0 (27)
The Weierstrass necessary condition is (2):
E=Fi(t7.Y.2%0) = Fi(6,5,9.5% )
nta oF
~ 3 (hi—g) —==0 (28)
i=1 9y
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where
nta

Fi=23 Mii~fi (t,2,9) +ub(z)  (29)
i=1

and ); and g have the same meaning as before. The Y and
Z are nonoptimal but permissible values of § and z. In

other words, the Y and Z represent perturbations from the
optimum, The E is known as the Weierstrass excess func-
tion or E function. The Weierstrass necessary condition
guarantees a local minimum, while the Euler-Lagrange
equation gives an extremal which may be a minimum,
maximum, or even a saddle point. If Equations (4), (27),
and (29) are substituted into Equation (28), the Weier-
strass condition for the set of side conditions considered
becomes

n+q nt+aq
2 xifi(ts !7, z) = )‘lfl(t’ y’ Z) (30)
i=1 i=1
which is clearly equivalent to
n+q

max H(t, z,5,\) = maxz Mi(8 T, 2) (31)
® ® =1

Equation (31) is generally known as the maximum princi-
ple. The function H is known as the Hamiltonian function.

It has been shown previously that the addition of in-
equality constraints involving the control variable does
not change Equation (12) or (17). Furthermore, it can
be shown that

—_— e, — o —— '=1,..., 32
oo PV ntq (32)

The transversality conditions remain unchanged. Our prob-
lem is now reduced to the solution of Equation (32) with
boundary conditions, Equation (14). At the same time,
Equation (31) is maximized subject to the inequality con-
straint Equation (27).

Notice that Equation (13) is replaced by Equation (31)
for the maximum principle approach. Equation (31) is a
much stronger necessary condition than Equation (13).
Equation (13) can generally be obtained by differentiat-
ing Equation (31) with respect to the control variable for
most engineering problems. It can be shown easily that
if we minimize

nt+q

J= 2 ciyi(te) (33)
=t

with known initial conditions
yilt) =yo i=1,...,n (34)
subject to the right end constraints
¥(F(te)) =0, j=1L....,p=n (35)

The transversality conditions Equation (14) is reduced to

N(te) = —

< o
¢+ j— i=1,... 36
1 21:1" ayi(tz)], i=L .t q (3
Equations (31) and (32) remain the same. Equations
(31) to (38), (27), (4), and (7) are in the form most
frequently encountered in chemical engineering applica-
tions.

OPTIMUM TEMPERATURE GRADIENT
WITH PRESSURE AS PARAMETER

To illustrate the technique outlined above for treating
parameters and also to show the effectiveness of the
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quasilinearization technique in obtaining numerical results
for boundary value problems, the optimum temperature
gradient in a tubular reactor with pressure as the parame-
ter is obtained. The following gaseous reactions are con-

sidered
A—>2B—>C (37)

where B is the desired product. The first reaction is first
order, and the desired product is transformed into C by
a second-order reaction. This problem has been discussed
in previous papers for the case of constant temperature
(6, 7). If the reaction mixture is assumed to be ideal
gases and Dalton’s law is obeyed, the following equations
can be obtained:

& ket (38)
dt A+y
dy x y?
—~ = 4K;P — 4KoP2 ———— 39
dt YAty * (A+y)? (38}

where x and y are the concentrations of A and B, respec-
tively, t is the length parameter and is equal to the length
divided by the mass flow rate for a reactor with unit cross-
sectional area, P is the total pressure, and

A= 2x° + y° (40)

where x° and y° are the known initial concentrations of
x and y, respectively, In obtaining Equations (38) and
(39), it has been assumed that only components A and B
are present at the entrance of the reactor. The reaction
rate constants K; and K; represent the first and second
reactions, respectively, and

Kl == Klu exp(— El/RT), K2 = Kzo exp(— Ez/R]EZil)

Suppose, by actual experiments, it has been found that
the cost of providing a certain initial pressure P(#;) is a
function of this initia] pressure and can be expressed as

by exp(Pa— P(t1))%, P(t1) =P, (42)

The minimum cost b3 is obtained when P(#;) = P,. The
symbol P, can be considered as the atmospheric pressure
plus pressure drop through the reactor. For the sake of
simplicity, we shall neglect any other operating costs. Our
problem is to find a function T(t) and a constant P(#;)
such that the functions x(¢) and y(¢) given by Equations
(38) and (39) maximize the following expression

J = byx(ts) + boy(ty) —bgexp (Pa—P(t1))2 (43)

The constants by and b, can be considered as the cost of
x and y, respectively, and b; is the minimum cost of pro-
viding the pressure to produce (b; + bs) dollars worth of
x and y.

In the following, this problem will be solved by the
equations outlined in the previous section with the aid
of the quasilinearization technique.

Calculus of Variations with Pressure as a Parameter

In this section, the above problem will be solved by the
calculus of variations with pressure as a constant parame-
ter. Let

P(t) =0 (44)

The only end conditions are the given initial conditions
for x and y:

x(ty) =x°, y(t1) =y° (45)

Equations (10) and (11) become

x
A+y

x
F=}\(' 2K,P ) ('—-4KP
x + 2K, Aty +uly 1
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y? ;
+ 4K2P2—(—A——+~y75) + §(P) (48)

G = b1x<tz) + bg!/(tz) -— b3 eXP(Pa'—’P(t]))2
+ v (x(t) —x°) + w2(y(t) —y°) (47)

Note that x, y, P, A, g, §, and T were represented by x3,
Xg, 41, My, Ag, Ag, and z, respectively, in Equations (1) to
(11).

The Euler-Lagrange equations can be obtained by
Equations (12) and (13):

»

X by
A= 2K,P — 4K,P 48
yune Py (48)
Ax e
p = — 2K4P ——— + 4K4P ———
# YA+ y)2 YAty
ny py*
+ 8KoP2 — 2 . 8K,P2——
Pz Ty W
. Ax uy? ux
9 = 2K + 8K,P — 4K 50
Aty (A +y)2 Aty (50)
py?
K1E1x(>\- 2#) + 2K2E2P =0 (51)
Aty

The unknown boundary conditions can be obtained by the
use of the transversality condition. Since ¢; and ¢, are fixed,
Equation (15) no longer holds. The initial values of
and y are also fixed. By the use of Equation (16), the un-
known end conditions are

at t1: §(t1) = 2bs {Pa— P(#)} exp {Po— P(t1)}?
(52)

at 21 M(ta) = — by, u{ty)=—Dby, @(fy) =0

(53)

Our problem is to find the seven unknowns, x, y, P, \,
p, 8, and T by solving the seven equations represented by
Equations (38), (39), (44), and (48) to (51). Six of
these equations are differential equations with six bound-
ary conditions represented by Equations (45), (52), and
(53). Notice that they are nonlinear differential equations
with two-point houndary conditions. In order to obtain
numerical results, these equations first will be linearized
by the quasilinearization technique (6). Consider the fol-
lowing system of nonlinear differential equations:

dui

—E;-=fi(u1,...,u,,,t), i=1...,n (54)

with appropriate boundary conditions. Equation (54) can
be linearized by the following vector equation:

dug+q

dt

= flth+1, t) = Fluw, t) + T (i) (g1 — )
(55)

where 4+ 1, 4, and f are in vector form and represent the

vectors Uy k1, -« .5 Unk+1; Utk « - -5 Unks and fl, e fn,
respectively. The Jacobi matrix J(ux) is
9f1 df1 fy
aul,k’ auz,k Tt aun,k
J(ug) = | ... . (56)
Ofn  Ofn Ofn

> LRI S ]
Juy e Jugy Ftp i

If we assume uy is the known value and is obtained from
previous calculations and wuy 4y is unknown, the right-hand
side of Equation (55) will always be linear. By the use of
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Equations (55) and (56), the following sequence of linear
differential equations can be obtained from Equations
(38), (39), and (48) to (50):

daz,;tn — 2K, Aiy (Px——PAx_gy — Pxis
+ P z yk+1—ka+1) (57)
Aty
‘%‘%:4/(A+y) [P (3K2P ijy +K1Aj_yy
—K,x—-zz\'zpa%)—z) + PKyxiaq
d (—K1x+2K2P v —2K2Py) Yis1
Aty A+y
+(K1x—2K2P ¥ )PW] (58)
Aty
dhg 41

.1 [ ( Ay
dt A+y Aty

P
” (— A+ 28) Yieva

+ (AN—2u) Py + P}\k+1—2pﬂk+1] (59)

dpk 1 2 [ (
= 2P| Kjpax — 2Kjux — 6KLP,
pr (A+y)? 1 1M 2L py
BYy® Axy pxy
+ 12K,P —K + 2K
2 Aty 1A+y 1A+y
py y
—_ 6K2P m) -+ KIP(—)\. + 2}14)9\)‘.;.1
' Ax . ux
2P(K — 2K + 2K,P,
+ Aty Aty wE
wy py? )
— 8K,P 6KyP ————
LAy T Gt/
+<—K1)\x+ 2K px + SKgppy-—-SKgP 'uyz )Pk+1
A4y

2
_KlPx)\kH + 2P(K1x + ZKzPy—ngp Ai— v );Lk+1 ]
(60)

ry® Hy®
+ 8KyPuy — 8K,P ) 4K
ol pyy 2 Aty Ye+1 + 2A+yPk+1
+ Kuh 2( K y
x -+ -~ Kyx + 2K,P ) ]
1%k 41 1 2 Aty Hie+1
(61)
and Equation (44) becomes
dPy 4y
7 =0 (62)

The subscript k which appears in all the unsubscripted
variables «, y, P, \, g, and ¢ has been omitted in the above
equations for simplicity. 1t is understood that the unknown
variables are the variables with subscript k + 1. All other
variables are known and are calculated from the previous
kth jteration.

( The temperature T'(¢) can be obtained from Equation
31):

1/T = [ln {Kio Egx (N —2p)}

1— L2

=+ In (2K20E2P

Aﬂ-lil—zy )] (63)

Since Equations (57) to (62) are linear equations, their
general solution must consist of one particular solution
and six homogeneous solutions:

x(t) = % (2) + drxna () + doxna(t) + daxns(t)

+ dgxpa(t) + dsxns(t) + dexns(t),
y(t) = yp(t) + diyni(t) + dayna(t) + dayns(t)

+ dyyna (t) + dsyns(t) + deyns(t),

etc., thi=t=1,

(64)

There are similar equations for the state variable P(t) and
multipliers A (¢), u(t), and 6(t). The subscript p indicates
particular solution and the subscripts h1, ..., h6 indicate
homogeneous solutions. The symbols d, to dg are integra-
tion constants and are to be determined from the bound-
ary conditions, Any seven sets of arbitrary initial conditions
can be used to obtain the particular and homogeneous so-
lutions provided they are independent and the homoge-
neous solutions obtained are nontrivial. The initial condi-
tions used for obtaining these seven numerical solutions
are listed in Table 1. They are chosen with the two known
initial conditions in mind. It can be shown easily from
the two known initial conditions and Equation (64) that
the values in Table 1 make d; = dg = 0. Thus only four
homogeneous solutions are needed. The four integration
constants, d; to dy, can be obtained by substituting the
four boundary conditions, Equations (52) and (33), and

by +1 = 2 [ ( — Kidx + 2Kypx + Ky Ay the values in Table 1 into Equation (64). After some re-
dt Aty A+y arrangements, the following expressions can be obtained:
03 (03 — v3) + vg(vs — vg) — (V703 — vg04) 2b3(Py — dy — 1) exp (Po— dg—1)2
dy= (65)
VgL — V10U4

2 ‘ d; = 2bg(Py—dy—1 Py—dy—1)2 66

YL NPy UL S S N 1= 2y (Pa—dy— 1) exp (Pa—du— 1) (66)
A+y Aty (A+y)? d3 = (vg— v5 — vgdy — v10dy) /02 (67)

dy = (M(t2) — A (t2) — M {t2)dy
-2 (— K\ 2K;,

TR = e 4 g K 2R — Mus(t2) s — g (1)) /s (1) (68)
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where

01 = Mg pag (t2) — p(t2) Mna(ta),

vy = pna(t2) Ona (t2) — Ons(t2) pnalta),

03 = Ap(f2) puna(t2) — po(t2) Mna(t2),

g = hng(2) pno(te) — pra(t2)Mn2(t2),

U5 = pp (t2) Ona (t2) — Op(2) pno(f2),

ve = p{ta) 2 (t2) — 8(t2) paz(22),

v7 = My (£2) paa(t2) — pa (t2) M2 (22) 5

v = pn1{te) Ona(fa) — Oni(ta) pna(ta),

vy = Apa(t2) png (f2) — pna(f2) M2 (f2),

010 = pna(ta) Oz (t2) — Ona(ta) una(fe), (69)

where the v’s are known functions and they are used only
for the simplicity in representation. The only unknowns in
the above equations are the integration constants d; to dy.
Since dy is implicit in Equation (65), some trial and error
procedure must be used. To eunsure convergence, the
method of successive substitutions or simple iterations and
the Newton-Raphson method are used alternatively to
solve Equation (65) (5). In general, five iterations by
the Newton-Raphson method are allowed first. If the de-
sired convergence is not obtained, five iterations by the
method of successive substitutions are allowed next. The
two methods are alternately used in this manner .until the
following desired accuracy in dy is obtained:

|dy(m + 1) — dy(m)|< 0.1 X 10~4 (70)

where m indicates the number of iterations. With an ini-
tially assumed value of dy(m =0) = 0.1, it has been
found that if the first method, say, successive substitution
didn’t converge in five iterations, the second method will
converge to the desired accuracy in about two to three
iterations for the results discussed in this work.

Ideally, the control variable T should be solved and ex-
pressed explicitly as in Equation (63). However, for
many practical problems, the control variable is in an im-
plicit form in Equation (13) and cannot be cancelled from
the differential equations. To test the effectiveness of the
method in the implicit case, the above set of equations is
solved in the following two ways:

1. (a) A reasonable set of numerical functions is as-
sumed:

i () = %0(¢), yk<t) = yo<t>: Pi(2) = P,(¢),
(71)

Ak(t) = }\o(t): Fk(t) = I"o(t):

h=t=ty

O (t) = 6o(2),

(b) The control variable T (t) = T,(t) is obtained
from Equation (63) with the initial approximation, Equa-
tion (71).

(c) The values for the (k + 1)t iteration xx 11, y+1,
Pri1, Ae+1, pr+1, and By are obtained from the known
kth approximation as follows. A particular solution and
four homogeneous solutions are first obtained with Equa-

TasLE 1. Inttiar ConprTions Usep ror OBTAINING
HoMOGENEOUS AND PARTICULAR SOLUTIONS
IN THE NUMERICAL EXAMPLE

i Homogeneous solutions
Particular

solation 1 2 3 4 5 g

x(t1) 0 00 00 00 00 00 10
y(t) yo 00 00 00 00 10 00
P(t;) 10 00 00 00 1.0 00 00
Mtr) 10 00 00 10 00 00 00
att) 10 00 1.0 00 00 00 00
#(t) 00 10 00 00 00 00 00
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tions (57) to (62) with the initial conditions listed in
Table 1. The integration constants dy to dy are then ob-
tained by the use of Equations (65) to (69). Finally
these results are combined by the use of Equation (64).

(d) The values for Ty 1(t) are obtained by the com-
bined use of Equation (63) and the results obtained in c.

{e) Steps c and d are repeated until the following re-
quired accuracies are obtained:

|Tk+1(t) — T (t)| < er,

[T+ 1(E) — 2 (t)| < e
ete.,

L =1=1,

fh=t=1y, (72)

Similar criteria are used for y, P, A, g, and 4.

2. (a) Same as a in 1.

(b) A reasonable set of numerical values is assumed
arbitrarily for the control variable Tx(t) = To(t).

{c) Same as c in 1.

(d) Step c is repeated until the required accuracy for
the state variables and multipliers is obtained with fixed
value Ty (t). The required accuracy is defined by Equa-
tion (72).

(e) An improved Ty,(f) is obtained from Equation
(51) by a trial and error procedure. The subscript n rep-
resents the number of iterations carried out in steps ¢ and
d.

(f) Steps c to e are repeated until the required accu-
racy as defined by Equation (72) is obtained.

Notice that method 2 is used only when T cannot be
solved explicitly. In this case, an improved T is obtained
only ‘'when no more improvement for the state variables
and Lagrange multipliers can be obtained.

The Runge-Kutta integration scheme is used in obtain-
ing the particular and homogeneous solutions from Equa-
tions (57) to (62) in step c. The numerical values used
are

Ky, = 0.2 X 10° g.-moles/ (liter) (min.) (atm. )
K5, = 0.63 X 1016 g.-moles/ (liter) (min.) (atm.)?2
E, = 0.18 X 105 cal./mole

E, = 0.3 X 10 cal./mole

R = 2 cal./(mole) (°K.)

x° = 0.01 g.-moles/g.

t; = 0.0

t, = 8.0 (liter) (min.) /g.

At =0.025, 0=t=10

At =01, 1.0<t=8.0
by =0.1

by = 1.0

by = 0.001

P,=15 (73)

where At is the integration step size used for the Runge-
Kutta integration scheme. Except for P, the boundary val-
ues are assumed arbitrarily as the numerical functions for
the initial approximation in Equation (71):

xo(t) = x° = 0.0], yo(t) = y°, )\o(t) — X(tg) = —by,

ILo(t) = H(tz) = bZ, Bo(t) = 0(t2) =0,
P(t) =10, t=t=t, (74)

where the values of P,(t) are assumed arbitrarily. An
initial approximation for the control variable Ty(t) =
To(t), t1 = t = 15, must also be assumed for method 2.
Although these values could have been estimated for the
present problem from Equation (63), in order to test the
method this has not been used. Instead, a constant value
was assumed for T, (¢), #; == ¢ = t,. For most of this work,
this constant value has been set at 350°K. No convergence
problem has been encountered. However, since both Equa-
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tion (74) and T,(t) are assumed and far from the actual
values, a faster convergence rate can be obtained if the
values of Ti(t) are restricted to a certain range for the
first few iterations. Generally, this range is set at 20 to 30
deg. and T,(t) is assumed at the middle of this range.
The problem is solved by using both methods 1 and 2
with an IBM 7094 computer. Some of the results are
shown in Figures 1 and 2. For y° = 0.01, 0.008, 0.006, and
0.004, the maximum profit functions are J = 0.013326,
0.012085, 0.010965, and 0.009960, respectively, and the
optimum constant pressures are P = 1.196, 1.184, 1.182,

L
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Fig. 2. Optimum concentration profiles.
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and 1.191, respectively. The required accuracy for the con-
trol variable T(¢) are ¢ < 0.01. A much higher accuracy
has been obtained for the state variables and multipliers.

As can be seen from Equation (74), the initial approxi-
mations for the state variables and Lagrange multipliers
are very poor. These initial approximations can be esti-
mated very easily from the physical problem for any en-
gineering applications. The trial and error procedure usu-
ally used for solving boundary value problems has also
been used to solve this problem. It has been found that, in
order for the problem to converge, the initial approxima-
tion has to be nearly the same as the correct solution,

The convergence rates for methods 1 and 2 are compared
in Figure 3 for y° = 0.005. All other calculations in this
work exhibit a similar convergence behavior. To simplify
the illustration, only the convergence rates of the control
variable T at the initial time ¢; and the final time ¢, are
shown. The assumed initial value for T,(t) for method
2 is 350°K. An upper constraint of Tmax = 360 is used

1.33

PROFIT, Jx10°

0.6 0.8 1.0 1.2 1.4
PRESSURE,ATM.

Fig. 4. Profit as a function of pressure.
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for method 1. As can be seen from the figure steps c and d
of method 2 are repeated three times before the tempera-
ture is first evaluated. The accuracy obtained in these three
iterations are ¢ < 1073 for x and y and ¢ < 10! for the
multipliers. However, only two iterations are needed to
obtain the same accuracy for the second and third evalu-
ations of the temperature. Thereafter, one iteration is
enough to obtain this accuracy. The accuracy for T'(?)
obtained in ten iterations is ¢ < 0.04 for method 1 and
e < 0.1 for method 2. The accuracies for the state vari-
ables and multipliers are much higher. The significant re-
sult is that, although T(¢) is an unknown variable in
method 2, the convergence rate for method 2 is almost as
good as that of method 1. Each iteration takes approxi-
mately 4 sec. of computation time for both methods.

To prove the fact that the values obtained are indeed
optimal, the above problem is solved with known and
fixed values of pressure. Our problem now is to find the
temperature profile T (¢) such that the functions of x(¢)
and y{t) given by Equations (38) and (39) maximize
Equation (43). Tﬁe same equations and procedures can
be used as outlined above except that the differential equa-
tions for P and # are not needed here. Consequently, the
boundary conditions are simplified and Equations (52)
and (65) to (69) are no longer needed. The results for
y° = 0.01 are shown in Figure 4. It can be seen that the
optimum is indeed a maximum. An added benefit can be
obtained from this calculation. Since p is fixed and known,
we only have two state variables. It is shown that the
number of iterations required for certain accuracy is ap-
proximately the same as that required for three-state vari-
ables. This furnishes some evidence that the quasilinear-
ization technique is an effective tool for solving optimiza-
tion problems with a fairly large number of state variables.

Calculus of Variations with Control
Yariable Inequality Constraint

Let us add the following inequality constraint to the
problem treated above:

Since this equation does not include the state variables,
the equations and procedures remain the same except that
Equation (51) or (63) does not always hold. Whenever
the temperature is higher than 350°, it is set at this value
instead of using Equations (51) or (63). The results for
y° = 0.005 are shown in Figure 5. The results without
the temperature constraint, as obtained in the previous
section, are also shown. The optimum constant pressure
and maximum profit are 1.185 and 0.010449, respectively,
without the constraint, 1.239 and 0.010431, respectively,
with the constraint. Since it is generally impractical to
produce the rapid decrease in temperature in the, first part
of the reactor, these results furnish an interesting compari-
son.

Calculus of Variagtions with Pressure Drop in the Reactor
In tubular or packed-bed reactors, pressure drop is al-
ways present across the reactor. It is generally impossible
to control this pressure drop or pressure profile. However,
the initial pressure can always be controlled and opti-
mized. Our problem in this section is to find the optimum
initial pressure and optimum temperature profile simul-
taneously. Let us assume a constant pressure drop:

dP(t)
dt

=Pd, tlététz

(76)

Since Equation (76) is equal to a constant, it can be
shown that all the other equations remain the same. With
y° = 0.005 and P4 = 0.05, the problem solved in the pre-
vious section is solved here with Equation (76) replacing
Equation (62). The results are shown in Figure 6. It is
interesting to note that the temperature profile decreases
at first and then increases through the last part of the re-
actor. The maximum profit is ] = 0.0106115.

Maximum Principle

The same problem which has been treated previously
by the calculus of variations is solved by the maximum
principle. The Hamiltonian function can be obtained from

T(t) = 350°K. (75)
[} I I I I
P T T T T 3 358 .
o
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X 354 y°=0.005 - uf ¥°=0.005
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Fig. 5. Influence of constraint on optimum profiles. Fig. 6. Influence of pressure drop on optimum profiles.
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Equations (31), (38), (39), and (44):

X

= — 2K;P\ + 4K Py
Aty

X
A+y
o )
— 4K, P2y ————
2 #(A+y)2

Our problem is to find a constant pressure P and a tem-
perature profile T (¢) such that the functions x, y, P, A, &,
and ¢ given by Equations (38), (39), (44), (48), (49),
and (50) minimize Equation (77) for all £, ¢; = t = t,.
The boundary conditions remain the same. The only differ-
ence between the present problem and that given pre-
viously is that Equation (51) is replaced by Equation
(77). As noted previously, Equation (77) is a much
stronger necessary condition than Equation (51).

The problem can be solved by the same procedure as
that listed in method 2. However, instead of solving an
algebraic equation, we now must find the profile T (t)
which minimizes Equation (77) at all time # for t; = ¢ =
t;. Thus, only step e in method 2 needs to be modified.
Since only one control variable T () needs to be searched
for in Equation (77), any search procedure can be used
to find the minimum of H. Both the Fibonaccian search
procedure and the random search technique are used in
the present work. The Fibonaccian method has been
shown to be the optimal procedure for the search of one
variable which does not give relative maximum or mini-
mum (I). The random search technique has been dis-
cussed and used on the analog computer in a previous
paper (7). The method is essentially the same as that dis-
cussed there. The random number with a Gaussian distri-
bution is generated in the IBM 7094 computer by a ran-
dom number subroutine.

The results presented in Figures 1 to 3 are also ob-
tained by the maximum principle. Since the procedures
and equations are the same as those of method 2 except
that the solution of an algebraic equation is replaced by
a search routine, the results and convergence rates are
completely the same. However, the computation time
needed for each iteration is approximately doubled due
to the use of the search procedure.

DISCUSSION

The present technique appears to be an effective tool
for obtaining numerical solutions of optimization problems.
Although only the continuous process is discussed, the
method can ge extended also to discrete processes with
complex structures. The results for discrete processes will
be discussed in separate papers.

Obviously, the feed conditions to the reactor, x° and y°,
can also be optimized in the same manner. Suppose the
cost of obtaining a certain composition is F(x°, y°) which
may be considered as the purification cost. The term
{— F(x°,y°)} must now be added to the function to be
maximized, Equation (43). In this way, the operating cost
for obtaining a certain feed purity is also optimized simul-
taneously.

Instead of assuming a constant rate for the pressure
drop, the momentum balance and experimental correla-
tions can be used to obtain the actual pressure drop. For
packed-bed reactors, it is known that the pressure drop is
proportional to the properties of the packing material and
the properties of the fluid. Since the fluid properties are
functions of its temperature T, its pressure P, and its com-
position x and y, the pressure drop equation is

dp
T f(P, T, x, y, packing) (78)

The procedure for finding the optimum with this pressure
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equation is the same as that discussed in the third section.
The exact form of this pressure equation is discussed by
Ergun (4) and by almost any standard textbook on chem-
ical reactor design.

NOTATION

a, ..., g = constant parameter

A = defined by Equation (40)

by, bs, by = constants as defined by Equation (43)

dy, ..., ds = integration constants

E = Weierstrass excess function as defined by Equa-
tion (28)

E,, E; = activation energies of reactions
Lagrange function as defined by Equation (10)

G = function as defined by Equation (11)
H = Hamijltonian function
J = profit function

J(ux) = Jacobi matrix
K,, K; = reaction rate constants
K10, K2y = frequency factor constants in Arrhenius equa-

tion
P = pressure
P, = reference pressure
Py = pressure drop as defined by Equation (78)
R = gas constant
T = temperature
t = independent variable
At = integration step size
t = initial value of ¢
ts = final or terminal value of ¢
vy, ..., v1p = defined by Equation (69)
x,y = state variables
z = control variable
¥ = end conditjons as defined by Equation (5)
v = constant multipliers
¢ = inequality constraint function

A, u, § = Lagrange multipliers
er, € = required accuracies as defined by Equation (72)

Subscripts
k = kth jteration
= particular solution
hy, hs, etc. = homogeneous solutions

Superscripts
0 = initial condition
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